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1. Introduction
In recent years, there has been considerable interest in trying to prove fixed point theorems formappings inmetric spaces
satisfying general contractive integral type inequalities. For example, in [1] Branciari obtained a fixed point theorem for
mapping satisfying a contractive integral type condition. Subsequently, in [2] Rhoadesmade such an extension to two of the
most general contractive conditions which encompasses Branciari’s result as well as a result Ćirić [3]. Similarly, Aliouche [4]
obtained a common fixed point theorem for a pair of reciprocally continuousmappings satisfying an implicit relation. Pathak
et al. [5] proved a common fixed point theorem of integral type for two pairs of weakly compatible mappings in symmetric
spaces satisfying an integral type implicit relation. Altun and Turkoglu [6] proved some fixed point theorems for weakly
compatible multi-valued mappings satisfying a general contractive condition of integral type. Kohli and Kumar [7] proved a
common fixed point theorem for six self-mappings via weakly compatible mappings in symmetric spaces satisfying integral
type implicit relations. The main object of this work is to prove common fixed point theorems for six mappings (four self-
mappings and two set-valuedmappings), and sequences of mappings satisfying a contractive condition of integral type. Our
results improve, extend and generalize the corresponding results given by many authors.
Throughout this work, (X, d) denotes a metric space unless mentioned otherwise. Also, B(X) is the set of all nonempty
bounded subsets of X . As in [8] for all A, B in B(X), let δ(A, B), and D(A, B) be the functions defined by
δ(A, B) = sup {d(a, b) : a ∈ A, b ∈ B} , D(A, B) = inf {d(a, b) : a ∈ A, b ∈ B} , δ(A, A) = diam A.
If A consists of a single point awewrite δ(A, B) = δ(a, B); if B also consists of a single point b, we write δ(A, B) = d(a, b).
It follows immediately from the definition that
δ(A, B) = δ(A, B) ≥ 0, δ(A, B) ≤ δ(A, C)+ δ(C, B) for all A, B and C in B(X)
δ(A, B) = 0 iff A = B = {a}.
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Definition 1.1 ([9]). The mappings I : X → X and F : X → B(X) are δ-compatible if limn→∞ δ(FIxn, IFxn) = 0 whenever
{xn} is a sequence in X such that IFxn ∈ B(X),
Fxn → {t} and Ixn → t for some t in X .
Definition 1.2 ([10]). The mappings I : X → X and F : X → B(X) are weakly commuting of type (KB) at x if there exists
some positive real number R such that δ(IIx, FIx) ≤ Rδ(Ix, Fx). Here I and F are weakly commuting of type (KB) on X if the
above inequality holds for all x.
All δ-compatible mappings are weakly commuting of type (KB) as in [11].
In this work, we proved a common fixed point theorem for weakly compatible mappings in metric spaces satisfying a
contractive condition of integral type.
2. The main results
Theorem 2.1. Let I, J, S and R be self-mappings of a metric space (X, d) and F ,G : X → B(X) such that δ(Fx,Gy)
0
ϕ(t) dt ≤ α
 max{d(ISx,JRy),δ(ISx,Fx),δ(JRy,Gy)}
0
ϕ(t) dt

+ (1− α)

a
 D(ISx,Gy)
2
0
φ(t) dt + b
 D(JRy,Fx)
2
0
φ(t) dt

(2.1)
for all x, y ∈ X, where 0 ≤ α < 1 a ≥ 0, b ≥ 0, a ≤ 1/2, b < 1/2, a + b < 1 and ϕ : R+ → R+ is a Lebesgue-integral
mapping which is summable, nonnegative, and such that for each
ε > 0,
 ε
0
ϕ(t)dt > 0. (2.2)
Suppose that
∪ G(X) ⊆ IS(X) and ∪ F(X) ⊆ JR(X) (2.3)
and the pairs {F , IS} and {G, JR} are weakly commuting of type (KB) at coincidence points in X . If the range of one of the
mappings IS, JR,G and F is complete. Then I, J, S, R,G and F have a unique common fixed point in X .
Proof. Let x0 be an arbitrary point in X . By (2.3), we choose a point x1 in X such that JRx1 ∈ Fx0 = Z0. For this point x1 there
exists a point x2 in X such that ISx2 ∈ Gx1 = Z1 and so on. Inductively, we can define a sequence {Z2n} in X such that for all
n = 0, 1, 2, . . . ,
JRx2n+1 ∈ Fx2n = Z2n, ISx2n+2 = Gx2n+1 = Z2n+1. (2.4)
For simplicity, we put V2n = δ(Z2n, Z2n+1) for all n = 0, 1, 2, . . . .
Using (2.4) and (2.1), we obtain V2n
0
ϕ(t) dt =
 δ(Z2n,Z2n+1)
0
ϕ(t) dt =
 δ(Fx2n,Gx2n+1)
0
ϕ(t) dt
≤ α
 max{d(ISx2n,JRx2n+1),δ(ISx2n,Fx2n),δ(JRx2n+1,Gx2n+1)}
0
ϕ(t) dt

+ (1− α)
a  D(ISx2n,Gx2n+1)2
0
φ(t) dt + b
 D(JRx2n+1,Fx2n)
2
0
φ(t) dt

≤ α
 max{d(Z2n−1,Z2n),δ(Z2n−1,Z2n),δ(Z2n,Z2n+1)}
0
φ(t) dt

+ (1− α)
a  D(Z2n−1,Z2n+1)2
0
ϕ(t) dt + b
 D(Z2n,Z2n)
2
0
ϕ(t) dt

≤ α

 max{V2n−1,V2n}
0
ϕ(t) dt + (1− α)a
 V2n+V2n−1
2
0
ϕ(t) dt

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for n = 1, 2, . . . . If V2n ≥ V2n−1, we get V2n
0
φ(t) dt ≤ α
 V2n
0
φ(t) dt + (1− α)a
 V2n
0
φ(t) dt = [α + a(1− α)]
 V2n
0
φ(t) dt <
 V2n
0
φ(t) dt,
which is a contradiction. Thus, V2n−1 ≥ V2n. Consequently,
 V2n
0 φ(t) dt ≤ [α + a(1− α)]
 V2n−1
0 φ(t) dt .
Similarly, we obtain that
 V2n+1
0 φ(t) dt ≤ [α + b(1− α)]
 V2n
0 φ(t) dt .
Thus,
 Vn
0 ϕ(t) dt ≤ B
 Vn−1
0 ϕ(t) dt , where B = max{α + a(1− α)α + b(1− α)}. Then, for n = 1, 2, . . . , we have Vn
0
ϕ(t) dt ≤ Bn
 V0
0
ϕ(t) dt → 0, as, n→∞.
By using (2.2), we have
lim
n→∞ Vn = limn→∞ δ(Zn, Zn+1) = 0. (2.5)
Since for all p > 0, we have
δ(Z2n, Z2n+p) ≤ δ(Z2n, Z2n+1)+ δ(Z2n+1, Z2n+p) ≤ δ(Z2n, Z2n+1)+ · · · + δ(Z2n+p−1, Z2n+p).
As n → ∞ and by using (2.5), we obtain limn→∞ δ(Z2n, Z2n+p) = 0. It follows from the above equation that, if zn is an
arbitrary point in the set Zn for n = 0, 1, 2, . . . , limn→∞ d(z2n, z2n+p) ≤ limn→∞ δ(Z2n, Z2n+p) = 0.
This implies that {zn} and any subsequence is a Cauchy sequence in X .
Suppose that JR(X) is complete. Let {xn} be the sequence defined by JRx2n+1 ∈ Fx2n = Z2n, for all n = 0, 1, 2, . . . . Since
limn→∞ d( JRx2n+1, JRx2n+p+1) = limn→∞ d(Z2n, Z2n+p) = 0. Therefore by the above, the sequence { JRx2n+1} is Cauchy and
hence JRx2n+1 → u = JRv ∈ JR(X), for some v ∈ X . But ISx2n ∈ Gx2n−1 = Z2n−1, so we obtain limn→∞ d(ISx2n, JRx2n+1) =
limn→∞ d(Z2n−1, Z2n) = 0. Consequently, ISx2n → u. Moreover,we obtain δ(Fx2n, u) ≤ δ(Fx2n, ISx2n)+d(ISx2n, u). Therefore,
we have that limn→∞ δ(Fx2n, u) = 0. Similarly, we have that limn→∞ δ(Gx2n−1, u) = 0.
We claim that JRv ∈ Gv. By using (2.1), we have that δ(Fx2n,Gv)
0
φ(t) dt ≤ α
 max{d(ISx2n,JRv),δ(ISx2n,Fx2n),δ(JRv,Gv)}
0
φ(t) dt

+ (1− α)

a
 D(ISx2n,Gv)
2
0
φ(t) dt + b
 D(JRv,Fx2n)
2
0
φ(t) dt

.
As n →∞, we obtain  δ(JRv,Gv)0 ϕ(t) dt ≤ [α + a(1− α)]  δ(JRv,Gv)0 ϕ(t) dt . From (2.2), we have limn→∞ δ(JRv,Gv) = 0.
Thus {u} = Gv = {JRv}. Since G(X) ⊆ IS(X), we have that z ∈ X exists such that {IS, z} = G, v = {JR v} = {u}. Now if
Fz ≠ Gv, (δ(Fz,Gv) ≠ 0), from (2.1), we have δ(Fz,Gv)
0
φ(t) dt ≤ α
 max{d(ISz,JRv),δ(ISz,Fz),δ(JRv,Gv)}
0
φ(t) dt

+ (1− α)

a
 D(ISz,Gv)
2
0
φ(t) dt + b
 D(JRv,Fz)
2
0
φ(t) dt

.
Thus, we have
 δ(Fz,u)
0 φ(t) dt ≤ [α+b(1−α)]
 δ(Fz,u)
0 φ(t) dt , which is a contradiction. Thus, we have limn→∞ δ(Fz, u) =
0. It follows that Fz = {IS z} = Gv = { JR v} = {u}. Since {G, JR} is weakly commuting of type (KB) at coincidence points in
X , we obtain δ(JRJRv,GJRv) ≤ Rδ( JRv,Gv), which gives Gu = GJRv = { JRJRv} = { JR u} = {u}. Similarly, Fu = {ISu} = {u}.
Then,
Fu = {IS u} = Gu = { JRu} = {u}. (2.6)
Now, we prove that Ru = u. In fact, from (2.1), it follows that δ(Fu,GRu)
0
φ(t) dt ≤ α
 max{d(ISu,JRRu),δ(ISu,Fu),δ(JRRu,GRu)}
0
φ(t) dt

+ (1− α)

a
 D(ISu,GRu)
2
0
φ(t) dt + b
 D(JRRu,Fu)
2
0
φ(t) dt

.
From (2.6) and G : X → B(X), R : X → X , we thus have GRu = {Ru} and JRRu = Ru.
Then, the above inequality becomes
 δ(u,Ru)
0 φ(t) dt ≤ [α+(a+b)(1−α)]
 δ(u,Ru)
0 φ(t) dt , which is a contradiction. Thus,
we have Ru = u and so Ju = JRu = u. Similarly, Iu = ISu = Su = u. Then, Fu = {Ru} = {Su} = {Iu} = {Su} = {u} = Gu.
Now, we have proved that u is a common fixed point of I, J, S, R,G and F . 
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The proof is similar when IS(X) is assumed to be a complete subspace of X . The case in which G(X) or F(X) is a
complete subspace of X is similar to the case in which IS(X) or JR(X), respectively, is complete, since ∪G(X) ⊆ IS(X) and
∪F(X) ⊆ JR(X).
Now, we prove the uniqueness. To see that the point u is unique, suppose that w is another common fixed point of
F ,G, J, R, S and I withw ≠ u.
From (2.1), we obtain d(u,w)
0
ϕ(t) dt ≤
 δ(Fu,Gw)
0
ϕ(t) dt ≤ α
 max{d(ISu,JRw),δ(ISu,Fu),δ(JRw,Gw)}
0
φ(t) dt

+ (1− α)

a
 D(ISu,Gw)
2
0
φ(t) dt + b
 D(JRw,Fu)
2
0
φ(t) dt

≤ [α + (a+ b)(1− α)]
 d(u,w)
0
ϕ(t) dt
which is a contradiction. Then, from (2.2), we have thatw = u.
The following examples illustrate Theorem 2.1.
Example 2.1. Let X = [0,∞) endowed with the Euclidean metric d. Define I, J, S, R : X → X and F ,G : X → B(X) by
F(x) = [0, x6/6],G(x) = [0, x3/6], I(x) = x4 + 6x2, S(x) = x3/2, J(x) = x42 + x2 + x2 , R(x) = x3. Then IS(x) = x6 +
6x3, JR(x) = x122 + x6 + x
3
2 and ∪F(X) = IS(X) = JR(X) = ∪G(X) = X . For any sequence {xn} in X , we have
IS xn → 0 as xn → 0, Fxn → {0} as xn → 0,
δ(FISxn, ISFxn) = max

(x6n + x3n)6
6
,

x6n
6
6
+ 6

x6n
6
3
→ 0 as xn → 0.
ISFxn ∈ B(X); thus F and IS are δ-compatible and so they are weakly commuting of type (KB). Similarly, G and JR are
δ-compatible and so they are weakly commuting of type (KB). For any
x, y ∈ X, x ≠ yδ(Fx,Gy) = max

x6
6
,
y3
6

= max

1
3
x6
2
,
1
3
y3
2

≤ max

1
3

x6 + 6x3 , 1
3

y12
2
+ y6 + y
3
2

≤ 1
3
max
x6 + 6x3− y122 + y6 + y32
 x6 + 6x3 ,y122 + y6 + y32

= 1
3
max {d(ISx, JRy), δ(ISx, Fx), δ(JRy,Gy)}
≤ 1
3
max {d(ISx, JRy), δ(ISx, Fx), δ(JRy,Gy)} +

1− 1
3

1
4
D(ISx,Gy)+ 1
5
D(JRy, Fx)

.
We see that the inequality (2.1) holds with α = 13 , a = 14 , b = 15 , ϕ(t) = 1 and 0 is the unique common fixed point of
I, J, S, R,G and F . Hence the hypotheses of Theorem 2.1 are satisfied.
Remark 2.1. Theorem 2.1 improves and generalizes the results of Kohli and Kumar [7].
Remark 2.2. Theorem 2.1 extends, improves and generalizes the results of Aliouche [4] and Aliouche and Djoudi [12].
Remark 2.3. In Theorem 2.1 if ϕ(t) = 1, we obtain an extension, improvement and generalization of the results of Sharma
et al. [11].
Theorem 2.2. Let S be a self-mapping of a metric space (X, d) and A : X → B(X) a set-valued mapping satisfying the following
conditions:
(1) ∪An(X) ⊆ Sm(X),
(2) the pairs {An, Sm} are weakly commuting of type (KB) at coincidence points in X,
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(3)  δ(Anx,Any)
0
φ(t) dt ≤ α
 max{d(Smx,Smy),δ(Smx,Anx),δ(Smy,Any)}
0
φ(t) dt

+ (1− α)
a  D(Smx,Any)2
0
φ(t) dt + b
 D(Smy,Anx)
2
0
φ(t) dt
 ,
for all x, y ∈ X, where 0 ≤ α < 1, a ≥ 0, b ≥ 0, a + b < 1 and ϕ : R+ → R+ is a Lebesgue-integral mapping which is
summable, nonnegative, and such that for each ε > 0,
 ε
0 ϕ(t)dt > 0. Suppose that one of the mappings S
m(X) or An(X) is
a complete subspace of X. Then A and S have a unique common fixed point.
Proof. In Theorem 2.1, if we set F = G = An and JR = IS = Sm, we obtain that An and Sm have a unique common fixed point
in X . That is, there exists z ∈ X such that Anz = {Smz} = {z}.
Since An(Az) = A(Anz) = Az, it follows that Az is a fixed point of An and Sm; hence Az = z. Similarly, we have Sz = z. 
Theorem 2.3. Let S and R be two self-mappings of a metric space (X, d) and Fi,Gj : X → B(X), for i, j ∈ N, two sequences of
set-valued mappings satisfying the following conditions:
(1) there exist i0, j0 ∈ N such that ∪Fi0(X) ⊆ S(X) and ∪Gj0(X) ⊆ R(X),
(2) the pairs {Fi0 , R} and {Gj0 , S} are weakly commuting of type (KB) at coincidence points in X,
(3)  δ(Fix,Gjy)
0
φ(t) dt ≤ α
 max{d(Rx,Sy),δ(Rx,Fix),δ(Sy,Gjy)}
0
φ(t) dt

+ (1− α)
a  D(Rx,Gjy)2
0
φ(t) dt + b
 D(Sy,Fix)
2
0
φ(t) dt
 ,
for all x, y ∈ X, where 0 ≤ α < 1, a ≥ 0, b ≥ 0, a + b < 1 and ϕ : R+ → R+ is a Lebesgue-integral mapping which is
summable, nonnegative, and such that for each ε > 0,
 ε
0 ϕ(t)dt > 0. Suppose that one of the mappings S(X), R(X), Fi(X)
or Gj(X) is a complete subspace of X. Then Fi,Gj, S and R have a unique common fixed point for all i, j = 1, 2, . . . .
Proof. By Theorem 2.1, the mappings Fi0 ,Gj0 , S and R for some i0, j0 ∈ N have a unique common fixed point in X . That is,
there exists a unique point z ∈ X such that {Sz} = {Tz} = {z} = Fi0z = Gj0z.
Suppose that there exists i ∈ N such that i ≠ i0. Then, we have δ(Fiz,z)
0
φ(t) dt =
 δ(Fiz,Gj0 z)
0
φ(t) dt ≤ α
 maxd(Rz,Sz),δ(Rz,Fiz),δ(Sz,Gj0 z)
0
φ(t) dt

+ (1− α)
a  D(Rz,Gj0 z)2
0
φ(t) dt + b
 D(Sz,Fiz)
2
0
φ(t) dt

≤ [α + b(1− α)]
 δ(Fiz,z)
0
φ(t) dt,
which is a contradiction. Hence, for all i ∈ N , it follows that Fiz = z. Similarly, for all j ∈ N , we have Gjz = z. Therefore, for
all i, j ∈ N , we have {Sz} = {Tz} = {z} = Fiz = Gjz. 
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